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We consider the energy density of a spin polarized v = 1/2 system for low temperatures. We 
show that due to the elimination of the magnetic field and the field of the positive background charge 
in the calculation of the grand canonical potential of Chern-Simons systems through a mean field 
formalism one gets corrections to the well known equations which determine the chemical potential 
and the energy from the grand canonical potential. We use these corrected equations to calculate 
the chemical potential and the energy of the v = 1/2 system at low temperatures in two different 
approximations . 
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I. INTRODUCTION 



The combination of an electronic interaction and a 
strong magnetic field in a two-dimensional electron sys- 
tem yields a rich variety of phases. These are best clas- 
sified by the filling factor v, which is the electron den- 
sity divided by the density of a completely filled Landau 
level. In this work we mainly consider energy calculations 
on systems with filling factor ly = 1/2. These system 
are most suitably described by the Chern-Simons theory. 
Within this theory one gets new quasi-particlcs (com- 
posite fermions). In the case of filling fraction 1^—1/2 
every electron gets two magnetic flux quantums to build 
a composite fermion which does not see any magnetic 
field in first approximation (mean field). A field theo- 
retical language for this scenario W|as first established by 
Halperin, Lee, Read (HLR) (1992)EJ as well as Kalmeyer 
and Zhang (1992)0 for the ly = 1/2 system. The inter- 
pretation of many experiments supports this composite 
fermion picture. We mention transport experiments with 
quantum (anti-) dotsEI, and focusing experimentsci bpre. 
An overview of further experiments can be found inB. 
HLR studied many physical quantities within the 
random-phase approximation (RPA). Most prominent 
among these is the effective mass of the composite 
fcrmionSp. which they found to diverge at the Fermi 
surfaceEl'El. Besides the theory of HLR there are other 
alternative formulations of the composite fermionic pic- 
ture which are mainly based on a-gauge transformation 
of the Chern-Simons Hamiltoniantra. 

In the following we will apply the Chern-Simons the- 
ory of HLR to calculate the chemical potential /i and the 
ground state energy U of the spin polaxped = 1/2 sys- 
tem for low temperatures T > 0. Iroll^ we calculated 
the grand canonical potential of the v = 1/2 system for 
temperature T = in RPA. The energy was calculated 
from this potential by fixing the chemical potential to the 
value of a free electron system. Since the RPA consists 
of no anomalous Feynman graphs this is motivated as a 



good approximation for T = by the Luttinger-Ward 
theoremM. For temperature T > one has to deter- 
mine the chemical potential /i by other methods. In the 
thermodynamic theory the chemical potential /i and the 
energy U is calculated by the equations —d/{dfi) Q = p 
and d/ {df3){Pfl) + = U from the grand canonical po- 
tejntial Q. p is the density of the electrons. We calculated 
ind'EHl the grand canonical potential of the Hamiltonian of 
electrons in a magnetic field B subjected by an electron- 
electron interaction and an interaction with a positive 
background field ps as a function of p, (3. We elimi- 
nated B and ps from the grand canonical potential f2 by 
the constraint B = 2'n:(j)p and pB — P- By doing this, 
it is not clear whether the relations ~d/{dp)n = p and 
d / {dj3){(3Vl) + fip = U are further valid for the potential 
where these two external variables are eliminated through 
an implicit function. We notice that the elimination of 
Pb by Ps = P is also a standard method in calculating 
the grand canonical potential of the Coulomb gasE3. We 
will show in section II that the above equations for the 
determination of p and U from the grand canonical po- 
tential is further valid in the case of the Coulomb gas. In 
the case of the v = l/(j) Chern-Simons gas we will show 
that the above relations get additional terms of correc- 
tion which are not too small. We will show that these 
additional terms can be calculated from the variable elim- 
inated_grand canonical potential. 

InElIld we calculate the e^-part of the ground state en- 
ergy where is the coupling constant of the Coulomb 
potential V^"^ = e^/r. This is the first term of an e^- 
expansion of the Coulomb energy and agrees with the 
Coulomb energy calculated for electrons which 'live' in 
the lowest Landau level. We now have the following two 
options to expand the calculation to low temperatures 
T > 0. 
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Here m is the band mass of the electrons and /3 = 
iKksT) where fcs is the Boltzmann constant. The first 
expansion (|l|) results in an expansion in m/lp^fi) for the 
temperature corrections of every T — 0-term. The sec- 
ond expansion results in an expansion in 1 / (e^ \fpfi) 
for the temperature corrections. 

In a perturbational treatment of the Chern-Simons 
theory the grand canonical potential is given by the first 
expansion (|l|) (one calculates the grand canonical poten- 
tial around a free grand canonical potential JIq- The low 
temperature expansion of Jig correspondence to an ex- 
pansion which is valid in the parameter range (|l|)). Thus 
we will calculate the grand canonical potential atj^rst in 
the Hartree-Fock approximation. It is well knownEJ, that 
the chemical potential (for (p — 2) respectively the ground 
state energy contains exponentially vanishing tempera- 
ture corrections for small T for a system of electrons in a 
magnetic field without Coulomb interaction. One could 
not obtain this feature by perturbational methods. This 
behaviour of the temperature corrections of the chemical 
potential and the energy is no longer valid for electrons in 
a magnetic field taking into consideration the Coulomb 
interaction. Therefore, in the following we will calculate 
only the Coulomb part of the ground state energy. It is an 
interesting property of the Coulomb energy of the Chern- 
Simons gas that the Coulomb exchange graph yields most 
of the energy within the RPAE3. We will calculate in 
this paper the Coulomb energy of the Hartree-Fock ap- 
proximation of the Chern-Simons theory for low temper- 
atures E-|> 0. This graph was calculated by Isihara and 
Toyodall^ for the case of the Coulomb gas including the 
spin degrees of freedom. There are two reasons for a dif- 
ference between the Coulomb part of the Hartree-Fock 
energy of the Chern-Simons gas and the Coulomb gas. 
First, the Chern-Simons gas is spin polarized which is 
not the case for the Coulomb gas. This results in a much 
less steeper slope of the Coulomb energy as a function 
of the temperature for the Chern-Simons gas in compar- 
ison to the Coulomb gas. Second, as mentioned above, 
we have different equations for the determination of the 
chemical potential and the energy for these two systems. 
We will show that this difference decreases the slope of 
the energy curve of the Chern-Simons gas further in com- 
parison to the Coulomb gas. This decreasing of the slope 
can be explained by perturbational arguments. 

It is possible to calculate the effective mass of an inter- 
acting system through comparing its specific heat with 
the specific heat of an electron gas without Coulomb 
interaction for B = 0. By comparing the two expart. 
sions (0) and (||) with the scaling of the effective massEl 
m* ~ Y^/e^ of the Chern-Simons theory we obtain that 
onlypthe second exjiaiision leads to the correct scaling. 
HLREI and Kim, Leetj calculate the effective mass in the 
perturbational Chern-Simons theory by a resummation 
of the grand canonical potential through the RPA. With 
the help of this grand canonical potential they got a log- 
arithmic diverging effective mass. We will calculate the 
chemical potential and the energy in the parameter range 



by using the temperature corrections of the grand 
canonical potential calculated by HLR and Kim, Lr©- 
We will get the same energy as in the simplificationta 
by setting the chemical potential on the lowest Landau 
level and neglecting the additional terms of correction in 
determining the energy from the grand canonical poten- 
tial. 

The paper is organized as follows: In section II we cal- 
culate the equations determining the chemical potential 
and the ground state energy from a grand canonical po- 
tential of the ly — l/cf) system where the fields B and ps 
are eliminated. In section HI we calculate the Coulomb 
energy and the chemical potential of the ly — 1/2 system 
for temperatures T > within the two parameter ranges 
(0) and §. 

II. THE DETERMINATION OF THE CHEMICAL 
POTENTIAL AND THE ENERGY IN 
1/ = 1/0 CHERN-SIMONS SYSTEMS 

In this section we show that one gets new equations 
to determine the chemical potential and the energy from 
the grand canonical potential in Chern-Simons theories 
where the external fields, i.e. the magnetic field B and 
the density of the positive background ps are eliminated 
by some mean field conditions. We will show further that 
this is not the case for the Coulomb gas. In the follow- 
ing we will consider interacting spin polarized electrons 
moving in two dimensions in a strong magnetic field B 
directed in the positive z-direction of the system. The 
electronic density of the system is chosen such that the 
lowest Landau level of a non-interacting system is filled 
to a fraction u = 1/4) where <f> is an even number. We are 
mainly interested in = 2. The Hamiltonian of electrons 
in a magnetic field is given by 




+ \ jcfr'[. (|vl/(r)p - PB)V^'{\r- r '|)(|*(r ')P - Pb)] 

Here ^+(r) creates (and ^(r) annihilates) an electron 
with coordinate r. : O : is the normal ordering of the 
operator O. V^'^{r) = e^/r is the Coulomb interaction 
where = 9e/^- 9e is the charge of the electrons and 
e is the dielectric constant of the background field ps- 
A{r) is the vector potential A — 1/2 B x r and B is 
a homogeneous magnetic field in z-direction B = Bcz 
where Cz is the unit vector in z-direction. We suppose 
throughout this paper that i? is a positive number. We 
used the convention h = 1 and c = 1 in the above for- 
mula (H). Furthermore, we set Qe = 1 for the coupling of 
the magnetic potential to the electrons. After perform- 
ing a Chern-Simons transformationllj of the electronic 
wave function one gets the Hamiltonian of the composite 
fermions as: 
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iV + A + dcs)'i'ir)\ (4) 



+ 1 IdVj: (|vl/(f)p - PB)^^'^(|r - r-'|)(|*(f ')P - Pb)] 

The Chern-Simons operator ac5 is defined by acs(^) = 
/ rf^r'/(f- f')*+(f')\E'(r '). Here *+(r) creates (and 
\E'(r) annihilates) a composite fermion with coordinate r. 
The function /(r) is given by f{f) = — x r/r^. From 
this Hamiltonian we obtain in the case of filling fraction 
V = l/<j) and electro neutrality, i.e. B = 27r(/)(p) and 
Pb — (p), that in the perturbation theory of Hcs the 
Hartrcc couplings A (j) J d'^r' f{f ~ r ')(\l/+(r ')^'(f')) 
and / d'^r'V^''{\r- f'\){{^+{f')^{'r')) - ps) are zero. 
If we calculate the Feynman graphs of the theory under 
these conditions we eliminate the external fields B and p b 
of the partition function Z = ^T:[e-PiHcs(A,e^)-,,N)i^ ^ 

-Y^[e-P(H(A,e^)-t,NY Here Tr[-] is the trace of the ar- 
gument. N is the particle number operator N = 
J d^r 'i>^ {f)'i>{f). The variables left in $7 are p, and 
p. In the following we will deal with three different sys- 
tems with a growing degree of complication. 

At first we deal with the Coulomb gas (A = in (H)). 
In perturbational calculations of this system one often 
calculates the Feynman graphs under the condition pB = 
{p)a p{r) is the density operator '^'^ {r)'^{r). (•) is the 
expectation value of the Gibb's potential of the Hamil- 
tonian. For a homogeneous system we have {p{r)) = 
(^"'"(r)^'(r)) = (p). Thus one calculates a partition func- 
tion Z'{p,P) from Z{p,P,pb) = T^:[e~PWf^^''^^~^'^'^] by 



Z' (/!,/?) ■.= Z{p,P,pb{p,I3)) 
1 d 



(5) 



/?) := ]4^^ log {Z) {p, /?, pb{p, /?)) . (6) 

A is the area of the system. We employed in (||) and (||) 
the mathematical notation for the ordering of the deriva- 
tion and insertion of the arguments of the functions. This 
means for example for equation (^) that we have to par- 
tially derivate at first the function Z depending on the 
variables (p,P,pb)- Afterwards we have to insert the 
expressions given in the function brackets. We have to 
point out explicitly that pb{p,I3) is a function of {p,(3) 
which is defined by equation (^) . We now want to deter- 
mine the chemical potential p and the energy U from Z' . 
At first we deal with the derivation of Z with respect to 
p: 



i|- log {Z) [p, (3, pb{p, /?)) = 1|- log iZ') (p, (3) 



Ki is defined by 



= A{p) 



d^rd^r\{p{r)) - pB)V^'{r- r') 



(7) 



'X-g^PB{p,l3) 



= 



(8) 



{P)=PB 



Thus we get the following equations determining the 
chemical potential p and the energy U of the Coulomb 
system -|^17'(p,/3) ^ {p) and U = ^{f]n'){p, (3) + 

p{p). The grand canonical potential ^l'{p,l3) is defined 
by il' — — log(Z'). From these equations we 

obtain that in the case of the Coulomb gas we get no 
correction to the well known equations for the determi- 
nation of the chemical potential and the energy. 



In the following we will derive equations to determine 
p and U for the v — l/cj) Chern-Simons gas with no 
Coulomb interaction and T = . As mentioned earlier 
the partition function Z{p,l3,B) = -£j.^(.-m(Ao)-t^N^ 
of this system is usually calculated under the constraint 
(p) = B/{2n4>) giving Z'{p,f]). So Z' is defined by 



Z'{p,f3) :=Z(p,/3,S(/i,/3)) 
1 d 



(9) 



B{p,P) := (27r(/.) — — log(Z) (p, /3, /?)) . (10) 

From these definitions we get for the derivate of the 
partition function Z with respect to p 

i log(Z) ip, /3, B(p, /?)) = i |- log(Z') (a^, /3) + K2 

= A{p). (11) 



K2 is defined by 
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dp 



(12) 
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i{r) is the second quantized current opera- 
tor (l/2m)(*+(r)(-iV + A{r))^{r) + [{-iV + 
A{r))'^{r)\^^{r)). It is clear that the expectation value 
of the current operator in ( p^ ) is built with respect to the 
Gibb's operator of the Hamiltonian H{A, 0) (||). At first 
glance one may think that K2 is zero because we have 

(j)(^) for A^ CO. We have to be careful with such 
argumentation because the multiplicative term fif—f') 
in ( p^ is not integrable for |r — r'| 00. The right 

way to calculate K2 is to evaluate {j){r) for a finite sys- 
tem. Then after integrating (|l^ ) for this finite system 
one should take the limit A —^ 00. For a finite system 
we have nothing but a current at the edge of the sys- 
tem. This ring current ■gas calculated perturbationally 
by Shankar and Murthylll. With the help of this ring 
current one could calculate K2- In the following we will 
calculate K2 by another method which results in the 
same value for K2 but which does not use any perturba- 
tional results. Using the one particle eigen functions uqi 
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of an electron in a magnetic field in the lowest Landau 
level (symmetric gauge) we get 



1 



27r 



— / (frtfr'{uok\jir)\uoi)f{7"~r')^ — Sk,i 



1 



2m 



(13) 



In ( |l3| ) we supposed that uok is orthogonal to uqi for k ^ 
I. For deriving (O) we used A{r) = —B/{2it) J d'^r'f{r~ 
f') = B/2(-y,xr 

By using (0), (0), (|l]) and we get 

Here we used B{fi, (3) — 27r(^(/5)(/i, (3). So we have to solve 
a differential equation to get the chemical potential for 
a given density {p) . For the determination of the energy 
U from U! we get with the help of a similar derivation as 
above 



U 



d_ 

dp 



(/3f]')(M,/?) 



(15) 



Thus we obtain from the equation (|lj) and (|15[) an ad- 
ditional term in comparison to the equations which de- 
termine the energy and the chemical potential from the 
grand canonical potential fl = ~1/{(3A) log(Z). In figure 
^ we show density graphs of the Hamiltonian Hcs{A-, e^) 
which contributes to this additional term. 



p(r') 

TT 

FIG. 1. Density graphs, which contribute to the 
/i-correction. 

Since (p) is finite for T = the second term in ( [l5| ) is 
zero. It is well known that the energy and the chemical 
potential of electrons in a magnetic field at T = are 
given by U = p,p and p = 7rp0/m. So we get from ( p^ ) 
and (|l|) 



d_ 

dp 



n'{p,p) 







d_ 

8(3 



m'){p,(3) 



. 

(16) 



We obtain from these equations that in the case of an 
interaction free Chern-Simons system the correction to 
the equations determining p and U are not neglectable. 
This should be also the case for a Chern-Simons system 
taking into account the Coulomb interaction. 



In the following part of this section we will derive the 
equations for getting p and U of the v — l/cj) Chern- 
Simons gas for low temperatures taking into considera- 
tion the Coulomb interaction. In the mean field treat- 
ment of the V = Chern-Simons theory one usually 
calculates from the partition function Z{p, f3, pB, B) = 
Tr[e^'^(^("^''^ iijQ following reduced partition func- 

tion 

Z'{p, P)^Z {p, /3, pb{p, (3), B(p, /?)) . (17) 

Pb{p,I3), B{p,/3) are defined by (||), ([lO|). It is now pos- 
sible to make the same derivations for this system as in 
the case of the Chern-Simons system with no Coulomb 
interaction. By doing this we get equation (pT|). Unfor- 
tunately it is then hard to calculate the expectation value 
( p^ ) for this system because we have a mixing of higher 
Landau levels. Nevertheless one can get the equations 
which determine p and U by scaling arguments. This 
will be done in the following. From the definition of Z' 
we get 



1 a 

1 
d 



log(Z) {p,P,pb{p.P),B{p,P)) 



(18) 



d d 
— log [Z) (p, P, pb{p, /?), B{p, P))^B{p, P) 

d 



\0g{Z){p,P,pB,B{p,P)) — pB{p,P) 
OpB op 



+ —\og{Z') {p,P) 



As in the case of the Coulomb gas the second term on 
the right hand side is zero. Thus we have to calculate the 
first term on the right hand side of equation (p^). With 
the help of the definitions 



/ d^r u„p(f)^'(f) , 



(19) 



V 



"1 Pl,"2 P2,n3 P3,n4 P4 1 u, / LI / V yi • ) 

X <ipi {r)Un^v^ (^XaPa (^') Wn4P4 (^') 

the operators Ho{B) and Hee{B) are defined by 
B ( 1 

TO 



n,p 



np"-np ; 



Hee{B) 2 ^ ] ^iiPi,n2P2,n3P3,ri4P4 

"IPl ,n2P2. 
"3P3."4P4 



(20) 
(21) 



Pb) (a^3P3an4P4 - Pb) ■■ ■ 

the one particle wave functions in the symmetric 
gauge for the magnetic field B in the nth landau levelllZl. 
With the help of these operators we get for the grand 
canonical potential fl = —1/{PA) log(Z) 



n{p,P,pB,B) = - i lim ^ 

P A— ►oo A 



(22) 
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X lOE 



Tr 



-/3(ffo(B)+ffee(B)-MAf) 



B.A 



Tt[...]b.a is the trace of slater determinants of Landau 
functions which have their support in the area A. The 
numbei- of Landau functions in this area is proportional 
to B^. With the help of a length scahng L Lj^fB 
(i.e. we implement the trace in ( p^ ) in the Landau basis 
and make the substitution r — s- r/\/~B) we get 



B 1 



(23) 



X loe 



Tr 



,-/3(B//o(J|) + v^H„(Jt)-M*) 



(24) 



Thus we get 

^n{p,p,pB,B) 

= 1 ({HoiB}) + ^{H,,{B))+n{^,,P,pB,B) 



With the help of (|l|) and (p) = l/(27r0)B(/x, /3) we get 
for the equation determining the chemical potential fi 
from ri' 



[HoiB)) + \{HUB)) + f^'(A^,/3)) ^|;(/5>(M,/3) 



(25) 



Similar as above we get for the energy of the v = 
system 

U = - ({Ho (B)) + i {H,e {B)) +n'{p, /?)) ^ ip) (m, (3) 



d(3 



{pn'){p,(3) + ^^{p) . 



(26) 



In the case of a determination of the energy and the chem- 
ical potential to order it is possible to get {Ho) + \{Hee) 
from D! for low temperatures. In the following we will 
derive this relation at first for T = 0. Afterwards we will 
generalize the results to the case of low temperatures. It 
is well known from perturbation theory that the ground 
state wave function has only higher Landau level compo- 
nents scaling with e^. So we get for temperature T = 



(Fo(B)) =7r^^+0(e4) 
m 



(27) 



For T > it is no longer correct that the second term 
of the e^-expansion of {Hq{B)) scales like e^. Neverthe- 
less because of the discreteness of the Landau levels we 
obtain that these T-corrections are exponentially van- 
ishing for T 0. The reason for this is that due to 
the expansions (|l|) and (||) there is a coupling factor e§ 
such that we get no overlap between the energy eigen 



values of wave functions resulting from the lowest Lan- 
dau level by Coulomb perturbations and wave functions 
resulting from higher Landau levels for all < Cq. Since 
<C p/m for both expansions ([^) and (^) we get that 
the kinetic energy resulting from wave functions of higher 
Landau levels by Coulomb perturbations are suppressed 
exponentially with exp[— /3p/m]. Since we are only in- 
terested in polynomial T-contributions to the energy we 
can neglect these T-corrections in (|27|). Under the con- 
sideration of equation (p7|) we can get (Hee) up to order 



from by 



[{Heemi 

' d{f3n) 
dp 



[Ui{p),P)U (28) 
{p{{p),l3),l3, {p),27T4>{p)) + fi{{p),l3){p) 



We denote by [■■■]e^ the e^-part of the bracket for T = 0. 
In the case of low temperatures T we have to distin- 
guish between the two low temperature expansions (1) 
and (H). In the case of the temperature expansion (1) 
[...]e2 is given by the e^(p)'^/^/(/3p/m)" {n > 0) terms 
of the bracket. For the temperature expansion (||) [...]e2 
IS given by the e2(p)3/2/(/3e2^)" (n > 0) terms of the 
bracket. We may now determine the chemical potential 
and the energy in every order of 1//3 by using successive 
the equations (p5| ), (26), (p7|), ( p8| ) under consideration 
that lim/3^00 ^Tp) — 0(1//?^+'^) for a number e with 
e > 0. Thus we can calculate the chemical potential and 
the energy to every order in 1//3 through a finite number 
of successive insertions of these equations. Doing this for 
T = we get 



1 



m 

= {p) 



d 



8(3 

il'(/i, oo 



(/3r!')(Ai((/5),oo),oo)-f A^((p),oo)(p) 



TO / dp, 



dp 



and 



p{p) 



r2'(/i, oo) 

(29) 



(30) 



By reducing equation (|29|) to the Chern-Simons gas with- 
out Coulomb interaction we get a difference of a sum- 
mand ■^fl'{ii,oo)-^{p){p,oo) between the equations 

( |l^ ) and (29). The grand canonical potential for an elec- 
tron gas in a magnetic field without Coulomb interaction 
is given by 



nB{p,P,B) 
x^^logl 1 



1 B 

2^/3 



(31) 



exp 



'(3 



1\ B 



2 m ^ 



The chemical potential at low temperatures for the v = 
1/2 gas is given by0 p = M + ©(e-zS"/"). Since 
\imf3^^n'{p{p,P),0)^ OiW) we obtain for T = 
that the equations (|l4) and (E9h are in accordance. 
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III. THE CHEMICAL POTENTIAL AND THE 
ENERGY OF THE i/ = 1/2 CHERN-SIMONS 
SYSTEM FOR T > 

In this section we wih calculate the chemical potential 
and the energy of the v = 1/2 system for low tempera- 
tures T and e^^fp <C p/m. As written in the introduction 
there are two parameter ranges for an expansion of the 
energy and the chemical potential. These are given in (|l|) 
and (H). In the following we will calculate in subsection 
A the chemical potential and the energy in the parameter 
range (|l]) . In subsection B we will calculate the chemical 
potential and the energy within the parameter range (|^). 



A. The chemical potential and the energy of the 
V = 1/2 Chern-Simons system for 
e^y^ <C 1//3 « p/m 

As mentioned in the introduction the Chern-Simons 
perturbations theory has its validity in the parameter 
range (0) . Thus it is possible to calculate the energy and 
the chemical potential in this parameter range within the 
Hartree-Fock approximation. As mentioned in the last 
section one gets exponentially vanishing temperature cor- 
rections to the chemical potential and the energy at low 
temperatures for the v = 1/2 system without Coulomb 
interaction. They are not calculable by perturbational 
methods. Because of this we will calculate only the 
Coulomb part of the grand canonical potential perturba- 
tionally. The exact magnetic part of the grand canonical 
potential is given by VLb{p,I3, {2'K(f>)p*) In this ex- 

pression p* is defined by p* := d/{dp)ilB{p, P, {2TT<f))p*). 
As we mentioned above in the-case of the ^ 1/2 system 
we have for low temperaturesta p* = mp/{2TT)+0{e~^^). 
The grand canonical potential is then given by (the ex- 
act form of f2 in the Hartree-Fock approximation will be 
derived later) 

1 1 



il{p, (i) ^VLb{p, /3, (27r(^p*)) -I- ai e^m^ p'^ +a2 e'^m^ p 



1 1 



3 1 1 



_ , — -2 log 

p2 P p2 P 



1 



+0(eV(Ai^/'/3')) + 0(eW/x5). 



(32) 



In the following we will denote n{p,l3) — 
riB(/x,/3, (27r(^p*)) by Uc{p,f3). We now make the fol- 
lowing ansatz for the terms of p which scales polynomial 
with 1/(3: 

p{p, (3) = TT(t)— + hi +^2 6^ — - 

m p2 p 



rr? 1 



1 



p2 p2 \PPj 



log 



m \ 



(33) 



In the following we will denote the first term in the 
sum of p{p,P) by poP,P)- Kp^ P) - Po{p, P) wiU be de- 
noted by pc{p,P)- We get for pc inserting (p7|), (28), 



(^), (^3|) in (^5^ and taking into consideration p* 
mp/{27r) + 0{e^t'): 



dpodn, , fi fdipn,) 



dp dp 

Pc _ dpc 
p dp 



dp 



P-cP 



a 



p 



p- 



dpc 
dp 



(34) 



We will solve this equation by comparing the coefficients 
of equal powers of p. If one inspects the equation of the 
coefficient of (/3)° in (Q) one notices that the coefficient 
hi vanishes in this equation and one gets a trivial identity 
which is fulfilled for every chosen bi . The reason for this 
indeterminacy of hi is given by the partition of in a 
sum of a pure Chern-Simons term and e^-corrections to 
n (this could be seen by using (p^), (29)). Since this par- 
tition is not correct we have no equation to determine the 
coefficient hi. For this reason we have to start properly 
with a Chern-Simons perturbation theory which shows a 
more complicated mean field. This will be done in a later 
publication. We now set hi — 0|— .This could be justified 
by the Luttinger-Ward theoremtiJ as a good approxima- 
tion calculating the T = energy 17 in RPA jhecause 
the RPA does not contain any anomalous grapha3ll3. By 
comparing the coefficients of the higher order powers of 
1/ P in ( p4| ) we get for the u — 1/2 system 



p 2 V 27r m 1 

p — 27r 026 

m 2 



1 1 



X e 



03 ^ 3a2 log(2) ^ 
hp V 2 

1 TO^ 1 



4 J 
f m \ 



1= 5 T — 046" ^= 5 log , 

/2^pi/?2 2^/2^ pi P^ K^irpP 



(35) 



With the help of the equations (|2^), (|27|) and (|2§) the 
energy density up to order is given by 



p2 a(^^j p dp,{p,p) 

^ = 27r \ — P2tt — 

TO op TO op 



(36) 



M=A'(p./3) 



-P 



dpc{p,P) 



dp 



PcP 



Pc{p,P) in (p6|) is defined by p{p,P) — mp/{2n). With 
the help of (P^, ( |3^ ) we get for the energy of the i' = 1/2 

system 



U = i2.)P- + aie\2.p)i ( ^^^^±^ + 

m \ 2 4 



1 



xe 



{27:p)-2 P^ 



046 



2(27rp) 



-log 



2ttpP J P 



1 



(37) 



In the following wc will calculate the Coulomb part of 
the Hartree-Fock approximation of Hcs (§)■ This term 
is equal to the Coulomb exchange Feynman graph given 
by 



1 



2(27r)3 



Sk(fk'nF{k) npik') V'"'{\k ~ k'\). 



(38) 
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npik) is the fermi factor npik) = 1/(1 + e'5('='/(2m)-M)). 
Ex'^'^ is also the e^-part of the grand canonical potential of 
the (two dimensional) Coulomh-gas. This term was cal- 
culated by Isihara and Toyodallj within the calculation 
of the grand canonical potential of the two dimensional 
electron gas. Up to order l//3^ it is given by 



Ex'^'^ « -0.095 e^m5^2 



(39) 



0.035 - 0.0588 log — 



7712 1 



By using (|33), (|5|), ( pTI) and ( P9| ) we get for the chemical 
potential Ji^^ and the energy U^^ in the Hartree-Fock 
approximation 



^HF ^271^- 0.017 e2- 

777 



1 777-^ 1 



9 1 777'^ 1 , f m \ 

+0.029e2^=^— log f * 



\2ttpP) 



'2t: pi P 

U^^ = (27r)— - 0.095 e^{2Trp)2 + 0.012 e 



(40) 
1 



-0.029e' 



(27rp)^ /3- 



(2^p)3 

(41) 



For T = the Coulomb part of U^^ is in good agreement 
with the Coulomb energy of numerical simulatipti of elec- 
trons oa, a sphere by Morf and d'Ambrumeni]ll3 and by 
GirhchEj (« — 0.1 e^(27rp)'^/^). We can now compare the 
e^-part of the energy of the ly = 1/2 system with the 
e^-part of the energy of the Coulomb system including 
the spin degree of freedom. The energy up to order 
of the two dimensional-.Coulomb system was calculated 
by Isihara and ToyodaEj. It is calculated from the grand 
canonical potential up to order which is the summa- 
tion of the grand canonical potential of an interaction free 
electron gas and the Coulomb exchange graph. Isihara 
and Toyoda calculated for this energy 



Uc 



TT p 

2 m 



IT 1 

12"^^ 



-H0.063e^ 



1 



0.067e2(27rp)2 
^2 1 



(42) 



0.166 



i f m \ 



In figure H we show the e^-Coulomb energy of the v = 1/2 
system in Hartree-Fock approximation as well as the e'^- 
Coulomb energy of the two dimensional Coulomb system 
(the spin polarized system as well as the system includ- 
ing the spin degree of freedom). It is seen from these 
curves that the energy curve of the CS gas has a much 
less steeper slope in comparison to the Coulomb gas in- 
cluding the spin degree of freedom. Furthermore, one 
sees from the figure that the main responsibility for this 
behaviour is the spin polarization of the CS gas. But 
also the p, and energy correction formulas of the CS gas 
of section II increase this effect. 
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FIG. 2. The part of the energy density of the Coulomb- 
(Coul) as well as the = 1/2 Chern-Simons (CS) gas. The en- 
ergy density is given in units of /r'i, where rs is the electron 
radius p = l/(7rr5). The curve Coul is the e^-energy density 
of the two dimensional Coulomb gas (^^ including the spin 
degree of freedom. The curve CS is the e^-energy density of 
the u — 1/2 Chern-Simons gas ( pl| ) originating from the spin 
polarized Coulomb exchange graph under consideration of the 
equations ( |35[ ) and (^). The dashed curve is the e^-energy 
density of a spin polarized two dimensional Coulomb gas. 

The flatness of the energy curve can be understood 
by perturbational arguments. As mentioned below ( [2^ ) 
{Ho{B)) does not contribute to the energy in e^-order 
for r > 0. Thus the energy is given by the average value 
{Hee{B)) calculated with respect to the Gibb's weight 
times the eigen functions of Hq{B) + Hee{B) which re- 
sult from the lowest Landau level by Coulomb pertur- 
bations. It is easily seen that this term does not have 
any temperature corrections up to order e^. Therefore, 
we get that the v = 1/2 Chern-Simons system does only 
pick up temperature corrections in higher O(e^) order in 
the parameter range (|^). Summarizing, we get an agree- 
ment of the perturbational calculated energy (^Tj) with 
this exact result. 



B. The chemical potential and the energy of the 
i> = 1/2 Chern-Simons system for 
1//3 < e^v^ «: p/m 

As mentioned in the introduction of this paper the 
chemical potential and the energy in the parameter range 
(^) can not be calculated perturbationally through the 
Chern-Simons theory. HLREJ and Kim, LeeE3 used the 
RPA for a resummation of diagrams to calculate the 
temperature corrections of the grand canonical poten- 
tial in this parameter range. We will use in the follow- 
ing the result of their calculation to obtain the chem- 
ical potential and the energy of the = 1/2 system. 
As in the last subsection we do not determine the first 
term in the expansion of the grand canonical potential 
in the parameter range perturbationally. This term 
is given by the grand canonical potential of an electron 
gas in the lowest Landau level. This can be calculated 
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through Q.b{^--I3, (27r^p*)) hmiting the summation in ( |3l| ) 
to the lowest Landau level (n = 0). Since the higher 
Landau level terms contribute to the chemical poten- 
tial and the energy with exponentially vanishing tem- 
perature corrections we will use in the following the full 
f2s(/i./3, [211(1) p*)). Thus the grand canonical potential of 
the = 1/2 system in the parameter range (||) is of the 
following form 



,1 111 ,1 ill, 
-ag -m-^p^— + 04 ^m2^2 _ log 



1 



-^0(l/(e^r)) + 0(eWA*). 



(43) 



We now make the following ansatz for the terms of /i 
which scales polynomial with 1//3: 



Mp,/3)=7r0-+fc'ieV+^2^ 
m p 

will ^,111 

+ ^3-2^^ +^4— — ^ log 



(44) 



Using the results of the last section (see the discussion 
below (H^)) it is easy to see that the equations (^^ and 
(^), determining the chemical potential and the energy 
are still valid for the approximation (^), (p4[). By using 
these equations we get with the help of the grand canon- 
ical potential (^) for the ^ = 1/2 system (as in the last 
subsection we set b'^ = 0) 



2tt 



P 



(45) 



The energy of the v = 1/2 system is given by 



U ^ {27r)^ + a[e'{27rpy^ ~ (^ + a^) -{27rp)^ — 



-04 



-(27rp)5_log 



'4pP 



(46) 



As mentioned above HLR0 and Kim, LeeEl calculated 
the temperature correction terms in ( p3[ ) through a re- 
summation of the RPA. The e^-ordcr term of the grand 
canonical potential—in RPA for temperature T = was 
calculated by us inl3. By using these two results we get 
for the grand canonical potential 



f}s(M,/3,(2^0p*)) 



0.13e^m5/i2 (47) 



11/^ 

r(2m/i)3 



6e2' /32 

By using this grand canonical potential we obtain from 
(^) and (|4^) up to the order ©((l//?^) log(l/e2^/3)) 




,RPA 



27r- 



(48) 



0.13 (27rp)^ 



, 1 1 1 , 



(49) 



Ir£3 the temperature corrections to the ground state 
energy was calculated by 9(/3f2RPA)/(9/3) (27rp/m,/3). 
When comparing this expression with the temperature 
corrections of JJ^^^ (|4^) we get the same result. This 
is also correct for the full SI (^^. This is the reason 
for getting the same effective mass either by determin- 
ing the effective mass through the one particle Green's 
function or through a comparison of the specific heat of 
the V — \I2 system with the specific heat of an interac- 
tion free electron system (one can easily show from the 
equations above that this does not depend on the set- 
ting = 0). The accordance of these two masses is well 
known in the case of the Coulomb system. 



IV. CONCLUSION 



We considered in this paper at first the question 
whether corrections to the well known equations for de- 
termining in a Chern-Simons theory the chemical poten- 
tial and the energy from a grand canonical potential in 
which one has eliminated the magnetic field and the field 
of the positive background through a mean field formal- 
ism should be taken into account. We showed that one 
gets corrections to these well known equations in con- 
trast to the Coulomb system. We stated explicitly these 
corrections. Furthermore, we showed that these correc- 
tions can be determined from the grand canonical poten- 
tial calculated by this mean field formalism. We should 
mention that our equations determining the chemical po- 
tential and the energy from this field eliminated grand 
canonical potential of the v = \I2 system are also valid 
for other theories than the Chern-Simons theory of HLR. 

With, the help of these corrections and the well known 
resulted for the grand canonical potential of the Coulomb 
exchange graph we calculated next the Hartree-Fock en- 
ergy of the spin polarized v — 1/2 Chern-Simons system 
for low temperatures T > up to order . The parame- 
ter range of the calculated chemical potential and the en- 
ergy is given by ^/p ^ 1//3 ^ p/m. We compared the 
energy with the energy of the two dimensional Coulomb 
gas taking into account the spin degrees of freedom. We 
get that the spin polarization as well as the corrections 
to the equations determining the chemical potential and 
the energy cause the energy as a function of the temper- 
ature to flatten. We showed that the exact behaviour of 
the energy within our approximation would have temper- 
ature corrections which are zero. Next we calculated the 
chemical potential and the energy from the temperature 
corrections-of the grand canonical potential obtained in 
the RPABE3. The parameter range of the chemical po- 
tential and the energy is given by 1//3 <C e^^/p ^ p/m. 
We showed that one gets the same result for the energy 
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as in the simplificatioiJli by using the chemical potential 
of the interaction free v = 1/2 system for temperature 
T = and neglecting the corrections in the equation for 
determining the energy from the grand canonical poten- 
tial. 

Finally we mention that it should be in principle pos- 
sible to calculate the energy of the v = 1/2 system for 
temperatures T > through temperature heat capacity 
measurements. Xhis was earlier done by Bayot et al. for 
the V Ki 1 systemcj. 
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